A generalized solution procedure is developed for in-plane free vibration of rectangular and annular sectorial plates with general boundary conditions. For the annular sectorial plate, the introduction of a logarithmic radial variable simplifies the basic theory and the expression of the total energy. The coordinates, geometric parameters and potential energy for the two different shapes are organized in a unified framework such that a generalized solving procedure becomes feasible. By using the improved Fourier-Ritz approach, the admissible functions are formulated in trigonometric form, which allows the explicit assembly of global mass and stiffness matrices for both rectangular and annular sectorial plates, thereby making the method computationally effective, especially when analysing annular sectorial plates. Moreover, the improved Fourier expansion eliminates the potential discontinuity of the original normal and tangential displacement functions and their derivatives in the entire domain, and accelerates the convergence. The generalized Fourier-Ritz approach for both shapes has the characteristics of generality, accuracy and efficiency. These features are demonstrated via a few numerical examples.
Introduction
The in-plane vibration of built-up structures is found to have a significant effect on the sound radiation and transmission of vibration energies [1, 2] . In-plane vibration analysis is also important when inspecting the hulls of ships under the impacts 2017 The Authors. Published by the Royal Society under the terms of the Creative Commons Attribution License http://creativecommons.org/licenses/by/4.0/, which permits unrestricted use, provided the original author and source are credited.
Theoretical formulations 2.1. Orthotropic rectangular plates
The Rayleigh-Ritz method combined with the artificial spring technique [11] is briefly introduced here for analysing in-plane vibration problems of orthotropic rectangular plates.
Consider an orthotropic plate with length a and width b as shown in figure 1 . On all the sides of the plate two groups of boundary elastic springs are arranged along the normal and tangential directions, to simulate the boundary conditions. By assigning the stiffness of the boundary springs with various values, we can impose different boundary conditions on the mid-surface of the plate edges. For the orthotropic rectangular plate, based on the strain-stress relationship, the boundary conditions can be expressed as where A xx = E x /1 − μ x μ y , A yy = E y /1 − μ x μ y , A xy = A yx = μ x E y /1 − μ x μ y are the in-plane stretch stiffness, G xy is the shear Young's modulus, E z and μ z (z = x or y) are Young's moduli and Poisson's ratio in the x and y directions, respectively. The parameter k δ γ stands for the attached spring stiffness, with its superscript δ = U,V indicating the x and y directions and the subscript γ = x0, y0, x1, y1 referring to the left, bottom, right, and top edges of the corresponding spring, respectively. For example, k U x0 denotes the spring stiffness in the x direction along the edge at x = 0. A clamped boundary can be readily obtained by setting the spring coefficients to infinity for both the normal and tangential restraining springs. The total potential energy of the plate, consisting of the strain energy of the plate and the potential energy stored in the boundary springs, can be expressed as: 
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The kinetic energy T of the plate is expressed as: (2.6) and T max = ρhω 2 2 a 0 b 0 (u 2 + v 2 ) dxdy, (2.7)
respectively. By using the Ritz method, the energy function is defined by Lagrangian function as
(2.8)
Orthotropic annular sectorial plates
Consider an orthotropic annular sectorial plate with uniform thickness h, inner radius R 0 , outer radius R 1 , and sector angle ϕ as shown figure 2a. For general supported orthotropic annular sectorial plates, where A rr = E r /1 − μ r μ θ , A θθ = E θ /1 − μ r μ θ , A rθ = μ r E θ /1 − μ r μ θ are the in-plane stretch stiffness, G rθ is the shear Young's modulus, E z and μ z (z = r or θ ) are Young's moduli and Poisson's ration in the r and θ directions of the orthotropic plate, respectively. Arbitrary elastic support conditions are imposed by assigning massless normal and tangential springs along each edge. Similar to the case of a rectangular plate, the symbol k δ γ denotes the spring restraining stiffness value, with δ = U, V denoting the r and θ directions and γ = R 0 , θ 0 , R 1 , θ 1 referring to the inner, bottom, outer, and upper edges, respectively.
The strain energy V pl of the sectorial plate is written as
(2.11) The potential energy V s stored in the boundary springs is obtained as
The total potential energy is
The kinetic energy T is expressed as: 
2 )| θ=φ ] dr (2.16) and (2.20) and
respectively, where L R = ln(R 1 /R 0 ).
Generalized theories for rectangular and annular sectorial plates
Similarities between the theories for rectangular and annular sectorial plates are summarized in this section. First, we formulate the unified expressions for the potential energy and the kinematic energy as respectively, where the shape parameter p is defined as p = 0 (for rectanglar plate) p = 1 (for annular sectorial plate).
(2.24)
The material parameters are written in generalized forms as A 11 , A 12 , A 22 , G 12 , E 1 , E 2 , μ 1 , μ 2 and the maximum lengths in ξ and η directions are ξ max and η max , respectively. Table 1 shows the corresponding variables for rectangular and annular sectorial shapes, respectively.
The displacements can be written as
where a mn and b mn are unknown coefficients, f m (ξ ) and g n (θ) are appropriate admissible functions, and M and N are the numbers of truncated terms in the series expansion. The proposed solution can be of arbitrary precision depending on the number of terms used in the series. In this work, the simple trigonometric series for constructing the two-direction displacements are selected as
Substitution of equation ( 
where p 2 is replaced by p because p = p 2 , and the following quantities are defined:
and (2.32)
When the spring stiffness of the elastic boundary is uniform along all the boundary edges, it can be found that
Equation (2.27) can also be written in the matrix form:
Equation (2.34) corresponds to an eigenvalue problem, whose eigenvalues correspond to the frequencies of the in-plane free vibration of the plates. Substitution of the obtained eigenvectors into equation (2.25) yields the corresponding mode shapes.
In the present method, the analytic form of the integrals involved in the mass and stiffness matrix can be obtained. For the case of uniform spring stiffness, when equation (2.26) is selected as admissible functions, the formulations of all the sub-matrices in equation (2.34), such as K uu , K vv , K uv , M uu , M vv , can all be obtained explicitly with the aid of the basic integration formulae in the electronic supplementary material. Further, according to the form of the admissible functions selected, these matrixes can also be assembled by four block sub-matrices as
where Z stands for K uu , K vv , K uv , M uu or M vv , and Z 11 , Z 12, Z 21 , When calculating the sub matrix Z ij (i,j = 1,2) for the improved Fourier series, the base functions f m (ξ ), f r (ξ ), g n (η)and g s (η) are all the trigonometric functions, and therefore the orthogonal characteristics Table 2 . Material properties used in this study. 
where λ m = mπ /L, λ n = nπ /L. This orthogonal property is useful in obtaining the elements of matrix Z and many of which are found to be zero.
Numerical examples and discussions
Four different materials are used in the examples, and their properties are listed in table 2. The shear elasticity G 12 is defined as
(for rectangular plate)
(for annular sectorial plate).
The boundary conditions of rectangular and annular sectorial plates are denoted by a four-letter symbol, with each letter standing for the boundary condition of one edge starting from the left edge at ξ = 0. For example, for a rectangular plate, the symbol E 1 CFS 1 denotes E 1 type elastic boundary condition at x = 0, clamped boundary condition at y = 0, free boundary condition at x = a, and S 1 type simply supported at y = b. For an annular sectorial plate, the same symbol denotes the corresponding boundary conditions at r = R 0 , θ = 0, r = R 1 , θ = φ, respectively. The stiffness values of the boundary spring are listed in table 3 for the different types of boundary conditions. 10 4 and 10 7 are shown to be appropriate values for the non-dimensional spring stiffness for clamped boundary condition in rectangular and annular sectorial plates, respectively [11] .
In-plane vibration of rectangular plates
In the following calculations, all the terms of the Fourier series for the displacement fields are truncated into M = N = 10. As far as the accuracy of the present method is concerned, the converged solutions of the present method are in excellent agreement with both the reference data and the finite-element results. Table 4 gives the normalized frequency parameter Ω = ωb(ρ/G xy ) 1/2 /π for rectangular plates under different boundary conditions (E x /E y = 2), which agree very well with data from the literature. Table 5 considers the influence of different values of E x /E y for a S 2 CS 2 F orthotropic rectangular plate. The data obtained in [6, 11] are also provided for comparison. All the results are in good agreement with data in previous studies.
Annular sectorial plates
In this section, the convergence of the method is studied first, followed by some benchmark examples that demonstrate the excellent accuracy and reliability of the current approach, and then some computational examples using the generalized model are presented. Unless otherwise stated, the values of the following variables are used: In the convergence study, choosing an appropriate number of terms in the truncated series is important. Table 6 shows the first four non-dimensional frequency parameters of annular sectorial plates with free boundary condition at all the edges for different number of terms. The inner-outer radius ratio is R 0 /R 1 = 1/2. Table 6 shows the trend of the frequency parameters with increasing number of terms in the truncated series. 10 × 10 terms in the truncated series give satisfactory accuracy as will be shown in the numerical examples in tables 7 and 8.
In table 7 , the results of an annular plate with different classical boundary conditions are compared to data from the literature. The results by ABAQUS-V6.12 and ANASYS-V14.5 are from [25] . Table 7 shows excellent agreement between the current model and existing data. These agreements prove that the present method with the adoption of the logarithmic radial variable is accurate and efficient in solving the in-plane vibration problems for annular sectorial plates. The presented method improves the efficiency for the sectorial plate in two aspects. First, the stiffness matrix and the mass matrix in equation ( the explicit form, which does not need the tedious numerical integration process [25] , so it is helpful in generating the global matrices. Second, in equation (2.25), the terms in the truncated series of this paper are M = N = 10, while the chosen number of M and N are 15 in [25] . The present method significantly reduces the computation cost of the eigen-problems for the matrix dimension in equation (2.34) is 4/9 of that in [25] , which does not use the logarithmic radial variable. Most existing techniques can only handle one kind of the boundary condition and geometrical shape, but the current method can easily accommodate changes in geometry and boundary conditions.
In-plane vibration of rectangular and annular sectorial plates problems solved by the generalized model
In this section, the generalized model is used in several numerical examples. The parameters ξ max , η max are assigned the same values for plates of different shapes. For example, when the aspect ratio of the outer-inner radius for the annular sectorial plate is R 1 /R 0 = 2, the length ratio of the rectangular plate is b/a = ln(2). In the η direction, the width of the rectangular plate is set to be equal to the angle of the sectorial plate, e.g. b = φ = π/2. The calculated frequency parameters for the two shapes are listed in table 8. It is shown from table 8 that the generalized model accommodates both the rectangular and annular sectorial shapes, and the results agree very well with data from the literature [24, 25, 28 ].
Concluding remarks
(1) A variable transformation by adopting the logarithmic radial variable significantly simplifies the basic theory for in-plane vibration of annular sectorial plate. This simplification makes it possible to formulate the basic theories for annular sectorial and rectangular plates in a uniform framework. Fourier series, the global stiffness and mass matrices can be obtained explicitly by using the integration formulae in the electronic supplementary material. (3) The appropriate spring stiffness values for various boundary conditions for rectangular and annular sectorial plates are discussed and provided in table 3. (4) The number of terms in the truncated Fourier series for displacement fields are 10 × 10 for both shapes, and the numerical results show that the error of the present generalized model is universally less than 0.5%.
